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SQITIATRE

Le modéle de l'octet de Ne'ecman et Gell-ilann est généralisé de maniere
& permettre de définir des courants conservés ,A S I = 1 |AI ,: g observés
expérimentalement. On montre que la solution nominale de ce probléme est une symné-
trie orthogonale basée sur le groupe SO(8), les baryons étant & nouveau dans une
représentation irreductible de dimension huit.,

Le couplage de Yukawa meson-baryon et les courants baryoniques et
mésoniques sont étudiés et classés.
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The problem of a possible existence of high symmetries in the sireng
interactions has been extensively studisd the last few years. All the various aponroachcs
can be characterized, from a matiematical point of view, in a comion way § one asswies
the coxistence of a semi-simple Lie algcbra, g , containing, of course, the isospin
rotations, the hypcrcharge and the baryonic nwiber gauze transformations and one cons—~
tructs a composite model of sirong interacting elemcntary particles from a particular
representation of this algebra associcted with the spin ¥ baryons. Let us call G this
group realization of g. Ia goneral, the space time prcpcrtiies are e.ssm;-:él to be indepon~-
dent of these new intcrnal syrmuetries and the comnplete sysetry group turns out to be
the direct product of the inhomozeneous Lorentz group P by the symmetry group G [1} .

The general problem of global symuetries has been investizcted by
Speiser and Terski [2] for a large class of siiple a:d somi-gsimple Lie alzebrre,The moxc
successful models, from a physical point of view cre 3

a) The octot model [3][4]

b) The Sakata model [5][6]

¢) The G, model [7] (s] .

The octet and the triplet models are the only two physically pocsible
group realizations of the same 9-parameters semi-sinple Lie algebra (see tho noxt
soction), Nevertheless, the proporties und the predictions of these models are vory
different,
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The experimental spectrum of masses in a supermultirlet is generally
explainod by a breakdown of the globul symmetry due to the presence in the Lagrangion of
interaction, for instance, of a term invariant only in a wcaker symmotry 1_91{101[ 11] .
First order calculations give, in the octet modeljsurprisinxly good recults, The c¢lectro-
magnetic interactions arc introduced in an analorsous way and correspond to another
vecaker symmetry of the same type of the precccding ones LQ]DO] [1’;} [12] [13] .

The inclusion of the weak intecractions is a more complicated problom,
The main difficulty is the oxperimental evidence of both |AS| =1, \[ﬁ\ =+ end
,A-i( = % currents [14] end at least for the models previously quoted, it is not
poasible to associate the weak interactions with a subgroup of the group of strong inte:.

actions if one requires the cxistonce of conserved currents [15] [16} .

Another way is to postulate tho exiztence of a larger group H such that
the strong intoraction group G is a subgroup of H and which permits to construct the

weak currcnts experimcntally observed.

A3 pointed out by Echrends and Sirlix{ﬂ a poscible solution of such a
model is the ortho~onal group in seven-dimensional space £0(7). A
in SO{7) 1o givon in reference [7-_\ and

!

problem for tho (}2

mathomatical treatment of the inclusion of G
also in [17] .

2

This paper is devoted to a generalization of the octet model in a way
permittingto include the wecak interactions. It turns out that the more simrle solution -
but not the only one of course - iu an cight-fold way based on the orthosenal group in
an eight~dimensional space SO{E) [_18] .

Somo ycars ago, Glrscy [19] used this group for weok intoractions, The
main differcence is due to a differcnt non-equivalent place [20] of thc isospin and hyper-
charge opcrators in the D, simplc Lie algebra. In beth caces, cne can construet a uni-
tary group SU(3) as subgroup of SO0(8) but, in Glirscy's version, the inclusion admits G,
and SO(7) ae intcrmediate stops and, really, the Glirsey model appears as a generalizatio
of the 62 model instoad of the octet model. An interecsting point of Giirscy's work is the
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introduction of spaco-time propertios in the symmotry space; morec procisely, the two
componont baryon spinors of given holicity, arc associated with the two spinor represen-
tations of the D4 algobra and the octot of the vector ropresentation doscribes ascvon
pscudo-gcalar and one 3calar meson. It follows that, for strong intoractions, onc cannot
find an octet model as a subgroup.

In the first scction, the mathematical structure of the inclusion
betweon the algobra of the unitary group and the algebra of the orthogonal group is
studied. The reduction under unitary transformation of the irreducible representations
of the orthogonal group is oxamined and it can be shown that the orthogonal S0!8) group
can goncralizo the octet model but not the triplet model. Moreover, the adjoint repro-
sontation contains the woak curronts and onc can try to cxtend the octet model in this
way.

In tho sccond scetion, onc constructs cxplicitly the uodel and gives a
systomatic classification of the weak curronts with rospect to the quantum numbera of
the strong interactions,
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II. MATHEMATICAL TREATMENT.

1°) The octet modol [5} {41 and the triplet model [6] are constructed on the same
Lio algobra A@ A, [21] but are two distinct group realizations, In the cight-fold
way the basic group is a dircct product :

Su(3)
(1) @ —

%

su(3)
whore 73 is the contor of SU(3) [.22] and it is well-known that the factor group —2.5_
can be entirely generatod by the tensorial powers of tho cight-dimensional
adjoint ropresentation only. Gencrally, two non-nogative numbers, A 1 and A\ 2

charactorize the roprescntations of SU(3) and the only possible representations of

SM are reostricted by the condition

5

7\1 +2)\2!0 G| .

2°) Wo arc now intercsted in the 8-dimensional adjc 1t reproscntation of the A? Lio
algobra, It is well-known that, in associated vector pace, one can find a bilinear
symmotric form C, conscrved under the transformations contained in A2 [23] « In an
oequivalent way, ono can define a 8 x 8 symmetric matrix C such that :

where the xd 's are the adjoint representation of the infinitesimal gonerators of Az.
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If now we use the notations as indicatod in Fig. 1. for the basis of tho
adjoint representation [11] :

b =1> 2 )
%3 %3
‘+3> \0(21 ‘Q) |U> d.12 ,-3>
/
31 52
j-23 J+1)>

Fig, 1 : Root and Weight Diagram for tho adjoint ropresentation.

The vectors | 3 where =21, %2, 3 are orthonormalized and associated with
the non-gero roots of Az. Becauso of the degenercscence of the root zoro, therc oxists
one dogree of frcedom in the definition of the corresponding eigenvectors and wo use
|©) and |G} as two arbitrary orthonormalised woights.

In this basis, the matrix C has the simple form

C = 3%1121‘3 | HL-3t+10> Rl +16>(C|

and satisfies evidently :

caC cC =1 .
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30) The linear transformations loaving the bilincar form C of the previous section
invariant can be genorally represented by tho set of all 8 x 8 orthogonal matricos
which satisfy

0°CO0 = C

The orthogonal 0(8) and special orthogonal SO(8) groups are naturally introduced in
this way and we are now interested by tho proportics of the simple Lic algebra D, of

4
these orthogonnl groups.

Tho 8-dimensional space is the vector representation space of the D4
algobra and it is convenient, as usual, to definc the following basis for the 8 X 8

matricoes [24] :
e |
[ Cup -]36 - calB Cpc\

A simple non normaliged form of the vector rcproscntation of the D4 algebra is
then givon, as for orthogonal groups, by

af3 3

The unimodular unitary transformations associated with A2 appear, in this way, as a
particular subset of the orthogonal transformntions of D4. Wo then have tho inclusion
rolation for the Lic algebra 3

L, C °4-




Te

and our aim is now to give the procise pocition of A, in D4 by writing the infini-

tesimal generators of A, as linear combinatinong of those of D4. Ye uce for thig the
o

explicit 8-dimensionzl reprosentation of the Lie algebras on the basis proviously

introduced. The rosult is given in Table 1 ¢

Vo B, = 2y + V2 25
Vo By = 24, -V2 2,

Ve By = I ’715‘ [Z-u- +3 Z-m}

=1

1 =" -
Z—2--3 +72_ Z%r + V) z1sJ

Y

1 ) )
Fsp = 245 '“[Z-zr A E Z-zs]

Iy
L

E13 = z-3-1 +L—-'[z2r - V3 229—_1

EY

Ve

Ve B = %o = 5
Ve By = %5 - 2
Ve ®, =2z, - 2,
Table 1,

The stato vectors r) and |8 corrcspond to a particular dofinition of }@) and |o)
on the basis of a physical choice cxplained in the next scection.

One can immediatoly verify on the provious oxprossions that tho sot of
oight lincarly indcpendent generators Et;j’ Hk’ goerates a sub=-algebra of D4 of type
A? by using the commutation rulcs of tho D4 olgobra deduced for instance, from the

~

matrix roprosentation of the Zd ﬁ N
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4°) The irreducible rcprosentations of the D4 algcbra arc defined by four non-negative

integors 4 1’ P‘Z' }L3, }L4 from thoe four fundamental rcprescentations [25] vhich ca..
be clasgificd in the following way

(

a) D(1,0,0,0) 8-dimensional spinor represcntation 8 asp
b) 0(0,1,0,0) B-dimensional cpinor rcpresentation 8 sp!
c) D(0,0,1,0) 8-dimcnaional vector representation 8 v

d) D0(0,0,0,1) 28-dimensional adjoint representation 283

The throe 8-dimcnsional represcntations arce inequivalent, of course, if ono considers
all orthogonal transformations, If now, wo rcstrict oursclves to the transforintions
contained in the A2 sub-algebra, they arc irreducible and cquivalcnt. At the same time,
the adjoint ropresentation is reducible cccording to :

28, = 8®10 0 .

at .
Such a rosult can casily be obtained by lookinéyfﬂo projection of the four-dimensional

woight diegrams of D4 on a convenicent pleone. The study of the characters gives an
algebraic mothod of demonstration - sce appendix.

Lot us call as Dz the universal covering group of the Iie algobra D4.
The centor of D: possesses a very simple structurce as shown in Table 2.3

8sp 8sp' ev 28R

I 1 1 1 1

R 1 -1 -1 1

R2 -1 1 -1 1
R3 -1 -1 1 1

Tahle 2, : Centor of Dz and tho fundamental represontations.
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Ono immodiately verifios that this contour is isomorphic to a diroct product 22@ 22 [26]
and tho connected groupsassociated to the D4 algebra can be easily classificd in the
following way @

a) Dz where 'l1 ’ },Lz, }t3, p4 are independent;

D
b) A 4 _4_ s one can realige three isomorphic groups of this type by

Z

considering the tonsorial powcrs of gne of the 8-dimonsional representations :

o) A“p from 8 with p2+}43 =0 (2)

P

) A“p, from 8, with |, +}; =0 (2)

sp'
¥) O, S0(8) from 8, with i 41, =0 (2)

D#
e)

3 gonerated by tho tansorial powers of tho adjoint rcprescn-

zaazz
tation and charactoerized by v Y |u2,p3 of the samo parity e.g. the represcntations
ontoring in all A 4 Eroupe.

We are now in a position to give tho possible inclusion of thc connoctod
groups of tho Lic algobra A2 with respect to the connoctod groups of the Lie algebra L.
in our schome and the main rosults are tho following s

a) Su(3) is a subgroup of A4

%

b) SU(3) cannot bo a subgroup in any caso.

It follows that our approach cannot gonoralize any symmotry group constmieted finm
SU(3) or from U(3) as the Sakata model.
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TIT, ETGFT-FOID WAY.

1°) Lot us go back to physics. In such a schome, it is natural to associate the baryc:-
with the weightsof tho voctor representation in the usvel way

v
1]

D j2y = fpd> 3= 1Z7)

[Z=7) |-3= 157

AR
N
]

ENES

Jrd=13> ja)= | f\('>

The isospin operators are then given by

(
™t oz, + Y2 oz
- ")r
I =z,, -V 7,
- 7 ” 7
Iy = H2y +2,,) % 5
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29) Tho product of reprosentations in D4 can bo writton as [27_] s

8 © 8 = 8 @
» o o 2 35Cll

If onoc uses a coupling of the Yukawa typo betwoen baryons and mosons, tho moro simple
place for tho mesons is the adjoint ruprescntation. One prodicts two 28-dimensional
miltiplets with J =0 and J =1 [ 28],

Wo now consider the baryon-meson roesonances, From tho product of ropro-

scentations in D4 H

8,®28 = 8 ©5 Q@160

wo have ossontially the poasibility of 8-dim\:naional and 56-dimensional multiplots.
The J = 4¥ octet can bo ropeated into o J = 2 octot. Because of the isospin 2 of the
first 77 -nucleon resonance, ono prodicts a 56-dimonsional J = E multiplot and perhaps
another 56-dimensional J = - [29]

39) With baryons and antibaryons in tho 8v ropresentation and the mesons in the 28R
reprosentation, the meson baryon coupling can bo written as

[_ Zyp Lﬂ (‘:l"* ds “Pg

From the point of view of strong intcractions, it is convoniont to classify the weight.
Mld" of the adjoint repreoscntation according to ¢

a) tho valuos of isospin and hypercharge
b) tho irroducible represcontationsin the reduction by Ay
Tho various calculations ary, of coursc, idontical to those of the docomposition of

tho antisymmotric part of tho product of two adjoint ropresontations of AZ' The resuls:
arc given in Tables 4, S5 and 6,



D8(1,1) ropresentation of A,

Fhea T
V]

T = L R ) ©

I -

. 1 0 iV'é- [1‘11"1 $122 2M3'3} 17°

e

S G ?

B e AL ) c

Table 4.

12,



Y I I, p!© (3,0) representation of A,
3 >
2
! -1_.[»1-3-1 P ]
1 3 2 V3
_1 1 [M32 . V3 Mu-]
2 V3
_3 w-!
2
1 LI BCLE Be Vo ) M"3°)j
V3 V2
o | 0 A [m“’ +122 w3 V3 1-11‘"]
'
- 1 3 et Pt 3 M3°)]
¥3 E
i A L@t V3 n“’)}
2 V5 L [E
1
-1 -
> )
1 U PR R M- M-as)}
2 V3 V2
-2 o] o ) 2!
Table 5.

13.



Y| 1 1 D'%(0,3) reprosentation of A,
2 | o 0 ie
! 1 -1\1"3"1 s 0T V3 MZB)J
1 1 2 V3 [ V2
2 ' . b4 .
1 _1_ [M)Z SlarT o M_1s)]
2 V3 Va
3 Va2
o | 1 0 " [n"’ ¢ 2007 405 M“]
6
-1 1 [rr"? AL n”’)]
3
3 -3
2
! .l[r’-"-\u n“'J
2 V3
] 3
2
1 L e |
2 3
3 w2
2

14,
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4°) In our scheme, the "conserved" currents belong to the 28-dimensional adjoint
representations. For instance, the baryonic part of the vector currents can be
written as

B

Thlxe] = [ 71‘&1"‘/3 (P e ¢P)

Fer the mesonic pert, one wusens the adjoint representation of the D4 algehra -

e.g. the structure conslants- follewing ¢

Jﬁ[kﬂ: [k<}[=n) [P q] N w2 ol

It is useful, for practical applica‘tions, to classify the various currents in the

same way a3 the weights of the adjoint representation. The results are obtained from
)

Tables 4, 5 and 6, by the simple substitution HkL = Jk PR

5°) If now we assume the existence of temms of the structure current X current,
responsible of the non-leptonic interactions, the weak lagrangian has a variance,

under D , given by the product of representations

4'

0%%(0001)®0%(0001) = D'(0000)® DZ(0001)@ 17> (2000)® D> (020000 1> 2(0020)
® 0°® (0002) ® 2°°°(1110)

The more natural assumption seems to associate the weak lagrangian with the 28 place.
It follows then the two interesting properties :

a) As r;quired by K, 5 decay experiments [14] one obtains both |AS|= 1, lAI'a

and 3 terms in the lagrangian,

b) the |AS| = 2 currents are associated with |AT| = 0 and not excluded by expori-

ments,whereas the |[AS| = 2,]1\ Il =1 transitions are forbidden at first by the
0 0
K

1 2 mass difference result,
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CONCLUSIONS

In this first paper, we have studied,from a mathematical point of view,
a possible generalization of the octet model which pernits to include the weak inter-
actions in a natural way. The orthogonal 30(8) symictry is not, of course, the unique
solution of such a problem but it is the more economical onc satisfying the two

minimal requirements :

Su(3)
a) —-73—— is a subgroup,

b) both 4S|=1,]|AI] = % and g currents appear in the adjoint
representations.

4sp ! A4sp'

and &4" are three isomorphic but non equivalent solutions. The equivalence however

It is clear, frou the result of Section II, that A

holds for the strong interactions. liore preciscly, the 8-dimencional represertations
of the infinitesimal gencrators are not equivalent for the total D4 alzebra tut only
for the AZ sub-algobra. For instance, the coupling hotween mesons and baryons is
identical in the three cascs for the J = O° pscudoscalar mesons associated with the
8 part of thc reduction of the 28R adjoint rcpresentation of D 4 by the ‘\2 subalgobra
(Table 4). It follows cqually that thc weak currents assoc.ated with Table 4. arc ti :

same in the throo situations whercas a differunce must appear for the IA Il= g curren

The possibility to include the leptons and the vector bosons has not been
considored in this paper. It scoms that such a tentative is very difficult and actual® -
at the prosent time, unsucgessful in any model, Nevertheless, it is a nocessary probler
to solve in a gencral scheme in order to know the variance of the complotc woak
lagrangian with respect to the group operations - if such a group oxists, of coursc.

An other way to gonuralize the strong interactions unitary models is to
find a large group G whore the pruvious condition a) is replaced by the more goneoral
one 3 a') Su(3) is a subgroup of G.
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In mathomatical terms, the unitary rotations associated with the center
Z3 of SU(3) must bo reprosented in a non-triviel way in G, The simple Iie group of
lowor rank solution of such a problom is tho unimodular unitary group SU(6). Tho
35-dimonsional adjoint represcntation of AS roduces, under tho A2 subalgcbra, into
8 @ 27, It follows that condition b) is satisfiod but at the same time onc obteins
)A SI = 2,| A_‘i[ = 1 woak currents and this foaturc is certainly unfavourable,

Wo acknowledgo tho help of Professor Michel and of Dr. Lascoux for
illuminating discussions on thc group theorctical aspect of this problem,
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AHPPENDIX

Charactors for SU(3) and S0(8).

The charactcrs for an irrcduciblc represcntation can be calculated from the know-
ledge of the weights m of multiplicity 21 o' The formula given by Weyl, is tho follo-

wing [25 |

K(p) =2y, owi@,g)

where the scalar product, in the oxponential, is porformed in thc weight space,

1°) Characters for SU(3). In order to prescrve the symmctry of the algebra, oxhibited
on the root diagram (seo Fig. 1.), it is convonicnt to usc triangular coordinates of
sum zoro in the 2-dimcnsional weight space [25J [11] . Wo then obtain, for the fun.
damental reproscntation :

[_ X3 () = om 3 (2 Q- 0y 95 )vexp(= @420, (5)voxp 3(- - G2 q>3.‘-:

Aftor a change of variablos

Pr¢y =P P05 =9, P5 =@y = Oy
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one can use also for the c1> vector triangular coordinates :

¢+ byt Py= 0

and the character formula becomes ¢

Y5(B) = oxp 3 (by-dby) + exp 3 ($5-9) + exp 5 (& -, ‘

Ono easily deducos for the 8, 10, 10 and 27 represcntations of Sg§3) , the following

expressions

Xg (§) = 2|1+ condys coody + Cosdy | \

x10(¢) =1+2 [Cos ¢, +Cos 4>2+Cos453] + oxp 1(¢ - ¢3)+cxp i(.:b}- 431)+e::p (P 1_42:§

Ko(®) = 1 + 2 [Con 3000 hyrocadpy ] + oxp 1(P5= J4omp 1 - hg)tomp 2(9 o,

X27(¢) =3+ 2[0052 ¢1+Cosz¢2+0092 ()3} +2 [Coaq)1+003 4>2+Cos ¢3] +

+4 [c°s¢1 Cosp, + Con, Coapy + Cosdby Cos¢1]

2°) Characters for G All weights of tho fundamecntal ropresentations are simple
and deduciblo from tho highest weight by the operations of the Weyl groupe. The weight
space is four-dimensional, with basis e K J = 1, 2, 3, 4. Ve immcdiatoly lnow the
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charactere for the funlamentul reprinentat.ons

: 1
T3 W Aa N -
a) aap Fichest weight (o1 + o, + 03 + 04) :

Bt o B g Gpid adpmd Gym gt &
Mgl =2 [eon H 2l oy TLL T o LR
- - “1,
+ Ccu I _f_]
X . 1
Q SRR e - o, + - :
b) -~ hi t wveight - ( 1 02 + 05 cﬁ)
¢‘+C‘> + b - b, (;\» +<',ﬁ,-<*>.+:‘;‘ Cb - Q- Sne b
:\ICQ“I(?) =2 [COS -—1——-32..-;?___'_‘.'. + Coa -~1 '—2-‘—5 4 + Cus ! g ’ 4 +

+ Cos e — p- - —-

¢1'd’2‘-‘d’3+{1‘>4 ]

c) 8, FHighost woight e, 1

i

Kald) =2 [ Coody + Cond, + Condpy + Ccsd)‘*]

d) 28y Tighest wasat ¢, 4 e

1 2

X28(¢ )= 4 [1 + Cos cp'c«)s ¢ ,#Co8 §,Cor ¢3 +20e &Cos d‘\1+Ccs th')os &y 4008 § 003 @, +

+ Cos $5C0s ¢4

- ——— e e
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For complatone s, wo alcd givo the cheractiors for the "v et EGV ropra-
pentotions

Xoe () = 344 '2: — -
35" ¢ i(J vCE ¢i C\u(:\d
| __

Xeg (b)) = 6 F'J e, + 20 oo(td, T ¥4 )
v t {. P \rﬁ

whore (1 j k 1) i3 a pormitation (1.2,3,4).

3°) R~™:ct?~n, Tho inclusion A2 C D4 one considers, is rcalized by the projection

of tho four-dimensional weight dingrams on the two-dimensional plane defined by @

¢4 =0
b, +d, +ds

The firot equation acsurcs the oquivalence of tha two cpinor representatiorsand,

consequontly, of all N a.xd N sp' ropreacntctions. Fiom the seccnd equation, ono

deduces the oqu_valcnco bntwecn the thrco 8-dimonsional rcpresentaticns of DZ and
their irreductibility. Tho following rcsults are then straightforward

espa?a 85p,=>8 Bv‘-_-;a

S~

28, =>8010 &M
354 =» 8@ 27

56d=>1®8®10073®27
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Recently, the inolusion has been noted by Y, Ne'eman, Phys. Lett. 4, 61 (1963).
F. Glrsey, Annals of Physics, 12, 91 (1961).

We call " inequivalent places ™ positions one cannot relate by means of an
inner autasorphism,

In Cartan's notation, the simple Lie algobra A (n> 1) is realized, for instancc
by its universal covering group, the unimodula® unitary group SU(n+1), One ex--
tends the notation for n = 0, to the one-dimensional Lie algebra, for which the
more interesting physical realization is the one-dimonsional unitary group u(1)
commonly called the gauge group of the firat kind.

In a genoral way, Zn is a finite abelian cyclic group isomorphic to the set of

the algebraic n'h

roots of the unity., It follows naturally that 2 is a
subgroup of U(1). n

This form is associated with the one-dimensional represcntation figuring in the
direct product of two adjoint rcpresentations :

868 = 1e8@8e 100 0027

P.M, Qohn, Lie groups. Cambridge 1957.
G. Racah, Inst. for Adv. Study Lecturcs, Princeton, 1951 (C.E.R.N. 1961),
Séminaire Sophus Lic, 1954~1955 (Ecole Normale Supérieure).1¢i5.

The index o distinguishes three inequivalent representations of D¥, entering

in only one of the A4 groups.

In gencral, an irreduciblo representation of A 4 is reducidle under the strong
intoraction transformations and onc can mix the parities into a A 4 multiplet
but not into the subreprosentations irreducible in Az.

For instance, we lmow that

%= 80100

and the well-kmown J = 0" and J = 1~ _octets can take place in the 8 part of the
28 roprosantation . For the 10 and T8 part, it is possible to put J = OF and
J = {7 nesons,
The 560' representation reduces, under %,aooozﬂinc to
56 = 1@8+10@T0e27.

'nnJ-?-"'mltipletoantakephceinthoj_q_partandtherz"ootet (?) in
2

2
the 8 part,



